Abstract. In this paper, we study the algebraic Thom spectrum MSL in the motivic stable homotopy category of Voevodsky over an arbitrary perfect field k. Using the motivic Adams spectral sequence, we compute the geometric part of the η-completion of MSL. As an application, we study the Krichever's elliptic genus with integral coefficients, restricted to MSL. We determine its image, and identify its kernel as the ideal generated by differences of SL-flops. This was proved by B. Totaro in the complex analytic setting. In the appendix, we prove some convergence properties of the motivic Adams spectral sequence.
1. Introduction 1.1. Motivations. In this paper, we study the algebraic Krichever's elliptic genus, when restricted to the SL-cobordism ring with integral coefficients.
Elliptic genera in topology have a renowned rigidity property, conjectured by Witten and proved by many others, including Bott-Taubes [BT89] , Liu [Liu95] , and Ando [An03] , which says that for any Spin-manifold with S 1 -action, the S 1 -equivariant genus does not depend on the equivariant parameter. Similarly, there is a SU-rigidity theorem for certain elliptic genus with two parameters (referred to as the Krichever's elliptic genus) proved by Krichever [K90] and Höhn [Höh91] , which says the S 1 -equivariant Krichever's elliptic genus of any SU-manifold is a constant. In [T00] Totaro proved that a genus has the SU-rigidity property if and only if the values of two birational manifolds related by a flop are equal. Further more, he proved that the Krichever's elliptic genus is universal with respect to this property. The proof in [T00] uses topological constructions, which do not have direct counterparts for varieties over an arbitrary field.
In [LYZ13] , the authors gave a purely algebraic proof of the fact that the kernel of Krichever's elliptic genus coincides with the ideal generated by differences of flops, a proof which works for varieties over an arbitrary perfect field. Moreover, we obtained the existence of a corresponding motivic oriented cohomology theory representing elliptic cohomology. With rational coefficients, we have a description of the coefficient ring of the motivic elliptic cohomology. For a summary of the main results in [LYZ13] , see § 6.1.
The rigidity property in topology suggests that after the restriction to SL-cobordism, this algebraic Krichever's elliptic genus has better properties, which is the subject of the present paper. For example, it is natural to expect, as in topology, the image under the elliptic genus of the GL-cobordism is nonneotherian, but the image of SL-cobordism is.
The coefficient ring of algebraic SL-cobordism has not been fully investigated, unlike its topological analogue which goes back to a classical result of Novikov in the study of Adams spectral sequences [Nov62] . In the present paper, following Novikov's approach, we explore the motivic Adams spectral sequence to get necessary information about the coefficient ring of SL-cobordism for the study of elliptic genus. Along the way, we study convergence property of motivic Adams spectral sequence in Appendix A, with the results summarized in § 1.3.
1.2. Main theorems. Let k be an arbitrary perfect field. Let p be the exponential characteristic of k. That is, p = char k if char k > 0, p = 1 if char k = 0. Let SH(k) be the motivic stable homotopy category of P 1 -spectra (for the conventions we are following, see § 2). For any spectrum X ∈ SH(k), let X ∧ η be the completion of X along the algebraic Hopf map η : G m = S 1,1 → S 0 = S 0,0 . Let MGL, MSL ∈ SH(k) be the Thom spectra of GL and SL respectively. There is a natural map MSL 2), which we will prove to be an embedding. Let Ell be the ring Z[a 1 , a 2 , a 3 , 1/2a 4 ], with an elliptic curves on it defined as the base-change of the Weierstrass curve y 2 + µ 1 xy + µ 3 y = x 3 + µ 2 x 2 + µ 4 x + µ 6 along µ 1 → 2a 1 , µ 2 → 3a 2 − a Although this statement is similar to its topological analogue [T00, Theorem 6.1], the proof here is more involved. Not knowing the homotopy groups of motivic Thom spectrum MSL, we need to study the motivic Adams spectral sequence, which differs from its classical analogue in many aspects. One of the major differences is the non-unipotence of the algebraic Hopf map η.
Thanks to the general convergence properties of motivic Adams spectral sequence in Appendix A (summarized in § 1.3), we calculate of the E 2 page of the mod-l motivic Adams spectral sequence converging to homotopy group of MSL, building up on [DI10] . We find degeneration of certain differentials (Proposition 5.6), hence, prove the following, which is the key ingredient in the proof of Theorem A.
Theorem B.
(1) The ring MSL 
±l · 2 a p b , if n is a power of an odd prime l; ±l · 2 a p b , if n + 1 is a power of an odd prime l;
where s n is the Chern number of degree n associated to the symmetric polynomial x n 1 + · · · + x n n and a, b are non-negative integers.
1.3. Convergence of motivic Adams spectral sequence. In topology, the convergence properties of the Adams spectral sequences were proven in [A58] . A simpler approach was later given by Bousfield in [Bous79] , based on an idea of localization going back to Ravenel [Rav77] .
In Appendix A, we study the convergence properties of the motivic Adams spectral sequence [Mor99] , following similar method as in [Bous79] . The role of Postnikov tower in loc. cit. is replaced by the slice tower of Voevodsky [Voev02] , which was studied recently in [RSØ16] , on which our investigation relies.
Without going to the technical details, we state the motivic analogue of Bousfield's theorem. For any spectrum X ∈ SH(k), let X ∧ l be the homotopy inverse limit of the system X/(l n ) → X/(l n−1 ), where X/(l n ) is the homotopy cofiber of the multiplication map l n : X → X.
Theorem C (Theorem A.1). Let l be a prime different than char(k). Let Y ∈ SH(k) be any motivic spectrum. Let Y ∧ HZ/l be the homotopy inverse limit of Adams tower (14). If Y has a cell presentation of finite type ([RSØ16, § 3.3]) and satisfies condition (Fin), then we have Y ∧ HZ/l Y ∧ η,l . Organization of the paper. In § 2, we recall the structure of motivic Steenrod algebra found by Voevodsky. In § 3, we study modules over the motivic Steenrod algebra coming from the Thom spectra MGL and MSL, which will be used in the calculation of the motivic Adams spectral sequence. In § 4, we construct an MSL class associated to a Calabi-Yau variety X together with a trivialization of its canonical bundle, lifting the MGL-class of X. In § 5, we use the motivic Adams spectral sequence to prove Theorem B. In § 6, we use Theorem B to conclude the proof of Theorem A.
Preliminaries
Let Sm k be the category of smooth varieties over k. Let SH(k) be the motivic stable homotopy category of P 1 -spectra. Recall that one has the infinite P 1 -suspension functor Σ ∞
is a triangulated tensor category with translation Σ S 1 , tensor product (E , F ) → E ∧ F and unit the motivic sphere spectrum S k := Σ ∞ P 1 Spec k + . An object E of SH(k) and integers n, m define a functor E n,m from Sm op k to the category of abelian groups by
For simplicity we denote n,m E n,m (X) by E * , * (X), and n E 2n,n (X) by E * (X). Recall that MGL * (k) is isomorphic to the Lazard ring Laz.
2.1. The mod-l motivic Steenrod algebra. In this section, we recall some basic facts of the motivic mod l Steenrod algebra A * , * introduced by Voevodsky in [Voev03] . For the rest of the paper (with the exception of Appendix A), l will be an odd prime different from char(k). For such l, A * , * has similar behavior as its topological counterpart. Nevertheless, for the convenience of the readers, we collect the properties relevant to us.
Let H * , * (X, Z/l) := p,q∈Z H p,q (X, Z/l) be the motivic cohomology of a smooth scheme X with Z/l-coefficients, and let H * , * := H * , * (Spec(k), Z/l). We have the following vanishing theorem.
Theorem 2.1. [MVW06] For every smooth variety X and any abelian group G, we have H p,q (X, G) = 0, if p > q + dim(X) or p > 2q.
Let A * , * := A * , * (k, Z/l) be the mod-l motivic Steenrod algebra. By definition, A * , * is the subalgebra of End(H * , * ) generated by the motivic Steenrod operator P i , i ≥ 0, the Bockstein homomorphism β, and operators of the form u → au, where a ∈ H * , * . Recall the following Milnor's basis [M58] , [Voev03, Section 13]
where R and E are two sequences of integers which are non-zero for finitely many r i , ǫ i , such that r i ≥ 0, and ǫ i = 0 or 1. For any r ∈ N, denote Q r := Q(0, · · · , 0, 1, 0, · · · ), and P e r := P (0,··· ,0,1,0,··· ) , where 1 is on the r-th place .
In particular, P (t,0,··· ,0) is the operator of Steenrod powers P t , and Q 0 = β is the Bockstein homomorphism. These have similar properties as their topological counterparts.
Lemma 2.2. The motivic Steenrod algebra A * , * as a left H * , * -algebra, has generators Q r , for r ≥ 0 and P e r , for r ≥ 1. Furthermore, the following properties hold.
(1) The bidegree of Q r is (2l r − 1, l r − 1), and the bidegree of P e r is (2(l r − 1), (l r − 1)).
(2) The set of monomials in {P e r } and {Q r } in a suitably defined order form a basis of the left module over H * , * . 
Note that, when the field k is algebraically closed, we have
3. Modules over the motivic Steenrod algebra 3.1. A quotient of the Steenrod algebra. Let B ⊂ A * , * be the Z/l[ρ]-subalgebra generated by {Q i } i≥0 . Let M B := A * , * /A * , * (Q 0 , Q 1 , · · · ) be the quotient of A * , * by the left ideal generated by (Q 0 , Q 1 , · · · ). From Lemma 2.2 (2) we know that M B , is isomorphic as a left H * , * -module, to the polynomial ring M B = H * , * [P e 1 , P e 2 , P e 3 , · · · ].
By the same argument as in [Nov62, Lemma 8] , one has the following.
Lemma 3.1. There is an isomorphism of graded abelian groups
We now compute the right hand of the isomorphism in Lemma 3.1. By Lemma 2.2, {Q r } r≥0 are anti-commutative. Therefore, B is an exterior algebra over Z/l[ρ] on {Q r }. Let V be the Z/l-vector space spanned by {Q r } r≥0 . We have the following Koszul resolution of Z/l[ρ] by free B-modules:
Lemma 3.2.
(1) For any u, we have Ext 
It implies t − 2u = p − 2q. By Theorem 2.1, we know that H p,q = 0, if p > q. This forces t ≤ 2u, and t = 2u iff p = q = 0. This implies assertion (1).
We now prove (2). The short exact sequence of B-modules 0 → Z/l[ρ] → H * , * → H ′ * , * → 0 induces a long exact sequence
The same degree consideration as before shows Ext
, H ′ * , * ) = 0 and Ext
, the morphisms of the resulting complex are all zero. Therefore, we have the isomorphism of algebras
In particular, the polynomial generators over Z/l of Ext
We honor the conventions in [Voev03] , hence, all tensors over H * , * are tensors as left H * , * -modules. As remarked in [Voev03] , the subring H * , * is not in the center of A * , * . Consequently, the ring structure on A * , * ⊗ Z/l A * , * does not define a ring structure on A * , * ⊗ H * , * A * , * . Instead, the set of operator-like elements (A * , * ⊗ H * , * A * , * ) r ⊂ A * , * ⊗ H * , * A * , * is a ring; and the coproduct Ψ * : A * , * → (A * , * ⊗ H * , * A * , * ) r is a ring homomorphism. Moreover, there is an action of A * , * ⊗ H * , * A * , * on A * , * ⊗ Z/l A * , * with values in A * , * ⊗ H * , * A * , * given by
which induces an (A * , * ⊗ H * , * A * , * ) r -module structure on A * , * ⊗ H * , * A * , * . It is easy to verify, using Lemma 2.2, that the coproduct of A * , * descents to M B → M B ⊗ H * , * M B , which is an A * , * -module homomorphism with the A * , * -module structure on M B ⊗ H * , * M B induced from the action of (A * , * ⊗ H * , * A * , * ) r on M B ⊗ H * , * M B . We now study the algebra structure of objects in Lemma 3.1 and show the following. Proof. We explain the ring structure on Ext * ( * , * )
A * , * (M B , H * , * ). The multiplication m : H * , * ⊗ Z/l H * , * → H * , * is an A * , * -module homomorphism. By the definition of Ψ * , we have the homomorphism (2) Ext * ( * , * )
We also have by functoriality the induced map
).
The product on Ext * ( * , * )
A * , * (M B , H * , * ) we are looking for is the composite of (2) and (3). The associativity follows from the coassociativity of Ψ * .
The ring structure on Ext * ,( * , * ) B
(Z/l[ρ], H * , * ) is induced from the coproduct of B, which is given by the Cartan formula in Lemma 2.2. The subalgebra B is closed under the coproduct of A * , * . Hence, the claim follows.
3.2. The Ext-algebras. We have the following modules of A * , * .
In this section, we study in detail those modules. The main result of this section is the following.
Proposition 3.4.
(1) We have Ext
(H * , * (MGL), H * , * ) is isomorphic to the free polynomial ring over Z/l in the following generators:
Moreover, the algebra u s Ext s,(s+2u,u) A * , * (H * , * (MSL), H * , * ) is isomorphic to the free polynomial ring over H * , * in the following generators:
Here ю r is the partition 1 l nr (l r+1 ), with the number n r defined in [Nov62, Lemma 17]. The rest of this section is devoted to the proof of Proposition 3.4, following an argument similar to [Nov62] .
We say a partition
for some s and i. We say a partition
for each r, the number of terms i with ю i = l r divides l. The set of all non-l-adic partitions will be denoted by P, and the set of all l-admissible partitions by P l . Let A top be the topological Steenrod algebra, and H top (MGL) the cohomology of MGL with Z/l coefficient. Similarly we have the A top -module M Recall that H * , * (MGL) is generated by Chern classes. Hence, for any partition ю, there is a welldefined monomial symmetric function u ю ∈ H * , * (MGL). We have the A * , * -module homomorphism
where the element u ю has bidegree (2|ю|, |ю|). Similarly, if ю ∈ P l is l-admissible, we have the module homomorphism Φ ю : M B u ю → H * , * (MSL). As in the topological setting, we have the following Lemma 3.5. As A * , * -modules, we have the following isomorphisms induced by Φ ю
Proof. The arguments for the two isomorphisms are similar. For simplicity, we will only prove the second one and leave the first to the readers.
We check the map Φ :
MSL be the topological realization, which is an isomorphism. We have the following commutative diagram
In the diagram, all the other three morphisms are isomorphism. Therefore, Φ ⊗ H * , * Z/l is also an isomorphism. By Nakayama Lemma, we deduce that Φ is surjective. Recall that H * , * (MSL) H * , * [c 2 , c 3 , . . . ], which in particular is a free H * , * -module. Therefore, using Nakayama Lemma again, and taking into account the fact that ker(Φ ⊗ H * , * Z/l) = 0, we see that ker Φ = 0. This completes the proof.
Similar to Lemma 3.3, the multiplication MSL ∧ MSL → MSL induces a map H * , * (MSL) → H * , * (MSL) ⊗ H * , * H * , * (MSL) of A * , * -modules. By Lemma 3.5, it induces the bottom map of the following diagram
(H * , * (MSL), H * , * ), one has the relation z ю z ю ′ = z (ю,ю ′ ) modulo the ideal ker(H * , * → Z/l). Now Proposition 3.4 follows from the above lemmas.
The MSL-class of a Calabi-Yau variety
For X a smooth projective scheme of dimension d X over our base-field k, there is a corresponding 
defined by a number of equivalent embeddings (for instance, using the logarithm of the universal formal group law). Thus we can consider b(X) as an element of Laz −d X and one has the element
this agrees with the class defined above in the case k ⊂ C. Here we will describe how to lift the class [X] MGL to a class [X,
. This is just an algebraic version of the classical Pontryagin-Thom construction, relying on constructions of Voevodsky, which we will briefly recall; we refer the reader to [Voev03(2), §2] and also to [Lev17, §1.1] for details.
Fix an integer d ≥ 1 and consider the Segre embedding i :
. We fix homogeneous coordinates X 0 , . . . , X d for P d in the first factor and Y 0 , . . . , Y d for P d in the second factor. The embedding i is defined by a choice of basis of H 0 (P d ×P d , O(1, 1)), and thus the divisor
In addition, Voevodsky constructs a map
in the pointed unstable motivic homotopy category H • (k), satisfying: (6) i. There is a canonical isomorphism in SH(k)
T X + → S k induced by the projection. These properties follow, for example, from [Lev17] [Proposition 1.3]. Now let i X : X ֒→ P d be a projective embedding of a smooth projective k-scheme X of dimension d X over k. We have the Jouanolou construction on X,X := X × P dP d with projections p 1X :X → X and i X :X →P d . Define the vector bundleν X onX bỹ
where N˜i X is the normal bundle ofX inP d and N i is the normal bundle of X in P d . The isomorphism (5) and the canonical exact sequence
and the fact thatX is affine induces an isomorphism 
Composing this composition withη P d gives the map in H • (k)
The isomorphism (8) defines via projection a surjective bundle map
which in turn induces a map
classifying π, where r is the rank ofν X . If E r,d 2 +2d → Gr(r, d 2 + 2d) is the universal rank r quotient bundle, then f π induces an isomorphism f * π E r,d 2 +d ν X , giving a commutative diagram
This gives us the sequence of maps
and thereby an element in MGL 
Proof
We have motivic cohomology H a,b (−) defined as Hom SH(k) ((−), S a,b ∧ HZ), motivic homology H a,b (−) := Hom SH(k) (S a,b ∧ S k , HZ ∧ (−)) and the slant product
this latter is defined by sending f ⊗ g, f :
and then desuspending by S p,q . For a space X ∈ Spc(k), we write H p,q (X) for H p,q (Σ ∞ T X + ), etc. We have the Thom class th(E r,m ) ∈ H 2r,r (Th(E r,m )). Taking X = Th(E r,m ), Y = P(E r,m ⊕O Gr(r,m ) + , the slant product with th(E r,m ) composed with pushforward on H * * by the diagonal map ∆ : Th(E r,m ) → Th(E r,m ) ∧ P(E r,m ⊕ O Gr(r,m ) + and then the pushforward to Gr(r, m) gives us the map Since each Gr(r, m) is cellular and HZ is an oriented ring spectrum, the standard arguments from topology gives the isomorphism H 2 * , * (BGL) Z[b 1 , b 2 , . . .] with b n in bi-dgree (2n, n); the ring structure on H 2 * , * (BGL) being induced by the maps Gr(r, m) × Gr(s, n) → Gr(r + s, n + m) given by direct sum of bundles. Similarly, we have commutes: one can see this if k admits an embedding in C by comparing with the analogous situation in topology. This implies the result for k of characteristic zero, and the general result follows from this by passing to Q-coefficients, working over the Witt vectors W(k) and using the cellularity of BGL and the isomorphism of rational motivic cohomology with rational K-theory to show that the restriction maps
In addition, the map φ MGL is an isomorphism after inverting p [Hoy13, Proposition 8.2], hence the Hurewicz map is injective after inverting p.
We now use the properties (6)(i, ii). The projection p 1X :X → X is an isomorphism in H(k). The mapη : T d 2 +2d → Th(ν X ) thus defines by the Thom isomorphism an element
the first isomorphism being given by p X * , the second by duality:
with this last isomorphism given by the string of isomorphisms
Tη is the dual of 
Here, on the left-hand side we are considering c I as one of the additive generators of H 2d X ,d X (BGL), dual to the monomial b I ∈ H 2d X ,d X (BGL), and on the right-hand side as the Conner-Floyd Chern class of the virtual bundle −[T X/k ]. By the commutativity of the diagram (11) and the injectivity of h 2 * , * after inverting p, it follows that
the k-schemeGr(r, m) is universal for pairs (π, ϑ), where π : O m Y → V is a surjective map of vector bundles on some Y ∈ Sch k and ϑ : det V → O Y is an isomorphism. We have the pull-back of E r,m ,Ẽ r,m →Gr(r, m); let BSL r := colim rG r(r, m) and letẼ r → BSL r be the colimit of the bundles E r,m →Gr(r, m), let MSL r := Th(Ẽ r ). For i r : BSL r → BSL r+1 the evident inclusion, the isomorphism i * rẼr+1 Ẽ r gives the bonding map Σ T Th(Ẽ r ) → Th(Ẽ r+1 ), defining the T -spectrum MSL; the evident maps Th(Ẽ r ) → Th(E r ) give the map of T -spectra MSL → MGL.
It is now easy to construct a lifting of [X] MGL to a class [X, θ X ] MSL ∈ MSL −2d X ,−d X (k) corresponding to a smooth projective dimension d X k-scheme X together with an isomorphism θ X : det T X/k → O X . The isomorphism θ X together with the isomorphism (8) induces a canonical isomorphism detν X OX independent of the choice of splitting used to construct the isomorphism (8). This in turn gives us a canonical lifting of the pair ( f π ,f π ) in diagram (9) to a commutative diagram
If we repeat the construction of [X] ′ MGL , replacingf π withg π , the analog of the sequence of maps (10) gives us an element [X,
We collect the main results of this section in the following theorem.
Theorem 4.2. Let X be a smooth projective k-scheme with a trivialization θ X : det 
The motivic Adams spectral sequence of MSL
We remind the reader that p denotes the exponential characteristic of k and l will be an odd prime different from p. 5.1. Some completions of MGL. Let X be any motivic spectrum, we construct a tower C X under X in the following way. Let E be any commutative ring spectrum. Let E be the homotopy fiber of S → E. Hence, we have a triangle
Let E s be E ∧ · · · ∧ E (s-times). Smashing (13) with E ∧s ∧ X, we get
Write X s := E ∧s ∧ X, and W ′ s = E ∧ X s , then, the above triangle becomes X s+1 → X s → W ′ s . Let C s−1 be the homotopy cofiber of X s → X 0 . Then, there are induced maps C s → C s−1 , and the cofiber of this map is
(1,0) W ′ s . One gets a tower under X of the form (14)
The homotopy limit of the above tower is called the E-nilpotent completion of X, denoted by X ∧ E . Let X ∧ l be the homotopy inverse limit of the system X/(l n ) → X/(l n−1 ), where X/(l n ) is the homotopy cofiber of the multiplication map l n : X → X. Let (X * ) ∧ l be the l-adic completion of the abelian group X * .
Let E = HZ/l be the Eilenberg-MacLane spectrum, and X = MGL. The main theorem of § 5.1 is the following. Proof. This follows from the fact that the multiplication by η is a zero map on MGL. ) ∧ l and (lim ← − −n MGL /l n ) 2 * , * lim ← − −n ((MGL /l n ) 2 * , * ). For simplicity, we write the l n torsion elements in any abelian group A as l n −tors (A).
Multiplication by l induces the following commutative diagram
Applying the functor [S, Σ s,t −] to (15), we get
Taking lim ← − −n , we obtain the exact sequence
Using the fact that MGL 2t+1,t = 0, we conclude the isomorphism lim ← − −n (MGL 2 * , * /l n ) lim ← − −n ((MGL /l n ) 2 * , * ).
Taking (s, t) = (2m − 1, m) in (16), the third term, the l n -torsions in the Lazard ring MGL 2m,m , is zero. Therefore, the system {(MGL /l n ) 2m−1,m } is isomorphic to {MGL 2m−1,m /l n }, which is a surjective system, and in particular has the Mittag-Leffler property. Hence, lim ← − − 1 n (MGL /l n ) 2m−1,m = 0. Using the following short exact sequence
we conclude that (lim ← − −n MGL /l n ) 2 * , * lim ← − −n ((MGL /l n ) 2 * , * ). This concludes the proof.
5.2. The motivic Adams spectral sequence. In § 5.2, we recall some facts from [DI10] . Let X be any motivic spectrum. The (homological) mod-l motivic Adams spectral sequence for X is the spectral sequence of the tower (14). In [DI10] , a cohomological mod-l motivic Adams spectral sequence for X was introduced, whose E 2 -page is . Here the degree s is the homological degree, t + s is the dimension, and u is the motivic weight.
For any motivic symmetric ring spectrum E, let S E be the full subcategory S E of E-cellular spectra. By definition, S E is the smallest full subcategory containing S, closed under taking homotopy cofibers and arbitrary wedges, and satisfies the property that if A ∈ S E , then A ∧ E ∈ S E . Proposition 5.4 ([DI10], Remark 6.11, Proposition 6.14). Assume X is a HZ/l-cellular spectrum satisfying
(1) H * , * (X, Z/l) is a free module over H * , * ; (2) all the homotopy cofibers of the "naive" Adams tower under X ( [DI10, 3] ) are motivically finite type wedges of E ([DI10, 2.11]); (3) the natural map H * , * (X, Z/l) → Hom H * , * (H * , * (X, Z/l), H * , * ) is an isomorphism.
Then, the homological and cohomological motivic Adams spectral sequences are isomorphic from E 2 -page onward. In particular, its E 2 -page is given by (19).
If in addition lim ← − − 1 r E s,t,u r (X) = 0 for each (s, t, u), then the spectral sequence converges completely to π * , * (X ∧ E ). That is, there is a natural filtration F s π * , * (X ∧ E ) such that the natural map
is an isomorphism.
5.3.
Vanishing of differentials. Now we apply Proposition 5.4 to the case when X is MGL or MSL.
It is easy to verify that X = MGL or MSL is a cellular spectrum, satisfying conditions of Proposition 5.4, and the Mittag-Leffler condition holds for the system {E s,t,u r (X)} r≥2 . Therefore, the E 2 page Ext s,t,u A * , * (H * , * (X), H * , * ) coverages to π * , * (X ∧ E ) π * , * (X ∧ l,η ) by Theorem A.1. In a special case if the degree is (2 * , * ), and X = MGL, we have (MGL Lemma 5.7. For any s ∈ Z, we have the following.
(
,s is injective by Propositions 5.5, 5.6, and Theorem C. This implies (1).
Also, by the proof of Lemma 5.3, lim ← − −n 1 (MGL /l n ) 2s−1,s = 0. Using the conclusion of (1), it implies
s ). This implies (2). Using the diagram (16) with MGL replaced by MSL
for any s, t ∈ Z. In particular, we have an injection lim 
In other words, for any s ∈ Z, the Z ∧ l -module (MSL ∧ η,l ) 2s,s is generated by the degree s monomials in the above polynomial generators.
We consider the following composition map choice of n 1 , . . . , n r , a smooth hypersurface H n of P n 1 × · · · × P n r of multi-degree d 1 , . . . , d r satisfies Chern number condition (⋆).
For an arbitrary infinite field k, such a smooth H n always exists, by Bertini's theorem. Thus, for each n, there is a smooth projective Calabi-Yau manifold H n defined over k whose Chern numbers satisfy (⋆). Thus the classes [X] MGL of smooth projective Calabi-Yau manifolds X defined over k give polynomial generators (over Z ∧ l ) of MSL ∧ η,l ) 2 * , * and hence Φ • π is surjective. If k is a finite field, there is for each prime q (including q = p) a pro-q-power infinite extension L q of k and thus a smooth H n,q as above, defined over a finite extension L ′ q of k of degree q ν q . Taking norms from L ′ q down to k, we have the class
(k) that maps to q ν q times a degree n polynomial generator of (MSL ∧ η,l ) 2 * , * ; since q was an arbitrary prime, this shows that Φ • π is surjective in this case as well. 
Elliptic genus of MSL-varieties
In this section, we use [LYZ13] and Theorem B to prove Theorem A. 6.1. Summary of previous work. In [LYZ13] , we studied the algebraic Krichever's elliptic genus φ : Laz → Ell, where Ell is Z[a 1 , a 2 , a 3 , 1/2a 4 ] with an explicit family of elliptic curves defined on it, and φ is given by the Baker-Akhiezer function [LYZ13, (3.1)]. 
is represented by a motivic oriented cohomology theory on Sm k in the sense of [PS03] . Here ∆ is the discriminant.
This theorem gives a well-defined notion of the Krichever's elliptic cohomology of a variety X with coefficients Z[1/2].
Let MGL * Q (resp. Ell * Q ) be the MGL-cobordism theory (resp. elliptic cohomology theory) with rational coefficients. The main focus of [LYZ13] is to study φ Q : MGL * Q (k) → Ell * Q (k) when k is an arbitrary perfect field. Recall that two smooth projective n-folds X 1 and X 2 are related by a flop if we have the following diagram of projective birational morphisms:
Y Here Y is a singular projective n-fold with singular locus Z, such that Z is smooth of dimension n − 2k + 1. We assume in addition that there exist rank k vector bundles A and B on Z, such that the exceptional locus F 1 in X 1 is the P k−1 -bundle P(A) over Z, with normal bundle N F 1 X 1 = B ⊗ O A (−1). Similarly, the exceptional locus F 2 in X 2 is P(B), with normal bundle N F 2 X 2 = A ⊗ O B (−1). Let Q 3 ⊂ P 4 denote the 3-dimensional quadric with an ordinary double point v, defined by the equation x 1 x 2 = x 3 x 4 . We say that X 1 and X 2 are related by a classical flop if in addition k = 2, and along Z, (Y, Z) is Zariski locally isomorphic to (Q 3 × Z, v × Z).
Let I f l ⊆ MGL[1/p] * be the ideal generated by differences of flops.
Theorem 6.2 ([LYZ13]
). The kernel of the algebraic elliptic genus φ Q : MGL *
, and its image is the free polynomial ring Q[a 1 , a 2 , a 3 , a 4 ].
In particular, I f l ⊆ ker φ. It is shown that the ideal I f l is also generated by the differences of classical flops.
Proof of Theorem A. Recall the restriction
]. Then, Theorem 6.2 implies that I SL f l ⊆ ker φ. Theorem A is proved through the following lemmas. 
Proof. By the double point relation of MGL, we show in [LYZ13, Lemmas 4.2 and 4.4] that in MGL(k),
Note that the right hand side of (22) is the difference of two systems of iterated projective bundles. For any n-dimensional vector bundle V on a smooth quasi-projective variety X with Chern roots {λ i }, let π : P X (V) → X be the corresponding projective bundle. Take f (t) ∈ CH * (X) [[t] ]. Then it is well-known that
A direct computation using (22) and the formula (23) shows the desired formula.
We have the following motivic analogue of the Bousfield isomorphism, which is a more precise version of Theorem C.
Theorem A.1.
(1) Let Y ∈ SH be any motivic spectrum, and let E = HZ/l. Let Y ∧ l,η be the completion of Y at l, η. Then we have a weak equivalence sc(Y (1) If the field k has characteristic 0, similar convergence property of the motivic Adams spectral sequence has been studied by Hu-Kriz-Ormsby in [HKO11] . The proof in the present paper has no restriction on the characteristic of the field. (2) Theorem A.1 is false without any finiteness assumption. For an E-module X, we have X ∧ E X (see e.g., [DI10, Remark 6.9]). Without condition (Fin), there are examples of non-zero Emodules whose slice completion is zero, one example being the étale cohomology spectrum H´e t Z/l. For a spectrum Y ∈ SH, the tower Y → {E s ∧ Y} under Y has homotopy inverse limit Y ∧ E . Let M(E) be the collection of objects in SH(k) consisting of finite extensions of E-modules, with the property that W = f n W for large enough n ∈ N. Proof. Inductively, we can show that E s ∧ Y is a finite extension of E-modules. Indeed, E ∧ E s is an E-module, and E s−1 is a finite extension of E-modules by induction hypothesis. Hence, E s ∧ Y is a finite extension of E-modules using (24).
For an E-module M, by [P11, Theorem 3.6.13(6)], the slice s n (M) is also an E-module. Using the homotopy cofiber sequence
and induction, it is easy to show that f s (E s ∧ Y) is a finite extension of E-modules. Therefore, f s (E s ∧ Y) ∈ M(E). Here the third equality E∧E I∈B Σ p(I),q(I) E is due to Voevodsky (see also [Sp12, Theorem 11 .24]), where the set of bidegrees {(p(I), q(I)) | I ∈ B} are the same as in the Steedrod algebra. In particular, we have p(I) ≥ 2q(I) for any I ∈ B. This completes the proof.
Lemma A.10. If M satisfies condition (Fin), then for any s ∈ N, E s ∧ M is a finite extension of spectra of the form E ∧ M with M satisfying condition (Fin).
Proof. We prove this by induction. For s = 0, E 0 ∧ M = E ∧ M, the assertion directly follows from Lemma A.9. For general s > 0, by induction hypothesis and the exact triangle E ∧E s ∧ M → E s ∧ M → E s−1 ∧ M, it suffices to show that E ∧ E s ∧ M is a finite extension of spectra satisfying condition (Fin) for any s.
This, in turn, is proved by induction again. For s = 1, using the exact triangle E ∧ E ∧ M → E ∧ M → E ∧ E ∧ M, we see that E ∧ E ∧ M is an extension of E ∧ M by E ∧ E ∧ M, both of which satisfy condition (Fin) by Lemma A.9. In general, consider the exact triangle
By induction hypothesis and Lemma A.9, E ∧ E ∧s−1 ∧ M and E ∧ E ∧ E ∧s−1 ∧ M are both a finite extension of spectra satisfying condition (Fin). Therefore, the claim follows from induction.
Suppose Y satisfies condition (Fin), then by Lemma A.8 and Lemma A.10, E s ∧ M is a finite extension of slice compete spectra. The slice complete spectra form a triangulated category. Therefore, E s ∧Y is slice complete. As taking slice completion commutes with homotopy colimit, by the diagonal argument, Y ∧ E is slice complete.
